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Porous bodies having a fair ly rigid skeleton are  of pa r t i cu la r  interest  for  r e s e a r c h  since they are en- 
countered ra ther  frequently in prac t ica l  problems such as soil mechanics .  F rom a study of the behavior  of 
such media  cer ta in  conclusions can be drawn about the proper t ies  of corresponding solid bodies, and the cold 
compress ion  curve  of a solid mater ia l  in the negative p r e s s u r e  region can be obtained (cf. [1] where a model 
is proposed which gives a good descr ipt ion of the behavior  of porous bodies under shock compress ion  by shock 
waves with intensities of the o rde r  of severa l  megabars ) .  This model  does not descr ibe  the resul ts  of shock 
compress ion  of porous bodies by shock waves with intensities of the o rder  of ki lobars.  In addition, it would 
be desirable to derive the equation of state of a porous medium in o rde r  to descr ibe  other p rocesses ,  such as 
unloading waves.  Her rmann  [2] proposed a p - a  model in which the equation of state is wri t ten as two equa- 
tions, one of which has the usual form of an equation of state, but contains the porosi ty  p a r a m e t e r  a, and the 
other re la tes  the p r e s s u r e  and porosi ty .  This relatior~ was obtained empir ical ly  in [2]. Car ro l l  arLd Holt [3, 4 ]  
calculated the dependence of the porosi ty  on p r e s s u r e  theoret ical ly,  taking account of the dynamics of pore  
collapse.  In these papers  the presence  of gas o r  liquid in the pores  was neglected, although the interst i t ial  
p r e s s u r e  can play a very  important  role in considering unloading, and can lead to an effective expansion of 
the pores  af ter  the passage  of a shock wave. In the present  ar t ic le  we consider  the effect of interst i t ial  p r e s -  
sure  on the change of poros i ty .  

We t rea t  a porous body as a homogeneous isotropic medium charac te r ized ,  in cont ras t  with solid bodies, 
by an additional p a r a m e t e r  - the poros i  W a, which we define as a =V/Vs,  where V and Vs are  respect ively  the 
specific volumes of the porous and solid ma te r i a l  under identical conditions. 

It is required to derive an equation relat ing the poros i ty  and the components of the s t r e ss  t ensor  aver -  
aged over  a sufficiently large volume, since the actual s t r e s se s  vary substantially over  distances of the o rder  
of the distance between pores .  To derive this equation we select  a cell  around a single pore so that the porosi ty  
of the cell  is the same as that of the body. The shape of the cell  is chosen so that the s t r e ss  tensor  is constant  
on its boundary. Such a cell  can always be chosen if the charac te r i s t i c  length of variat ion of the a,Terage s t r e s s  
is much g r ea t e r  than the size of a pore .  

A relat lon must  be specified between the state of s t r e ss  in a cell and the average s t r ess  tensor  in the 
porous body. Let (a}ij beaeomponen t  of the average s t r ess  tensor ,  i.e. 

V 

Various models  of the state of s t r e s s  in a cell  can be constructed,  assuming, e.g., that 

<~>~j = a~jl~, (2) 

where s is the surface of the cell.  If there  is no gas inthe internal pores  the Carro l l  model [3] is obtained. 

It would be m o r e  consistent  in (1) to change f rom the average over  the volume of the body to the average 
over  the equivalent cel l :  

Vt 
where V 1 is the volume of a cell.  Using the identity 

Oxj 
~is -- ~k  ~ = ~ (xj~j~) -- x j- ~ k 
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and the equat ion of mot ion  of the m a t e r i a l  

we obtain f inally instead of Eq. (2) 

dv i __ O(~ i h 
P dt  Ox h ' 

t I d r .  (GhJ = ~ ] I s - - V ~ .  pxjT~dV, (3) 
V t  

where  vi is a velocity component,  p is the density of the solid medium, and d/dt=O/Ot +v .V  is the Lagrangian 
der iva t ive .  

Equation (3) gives a r e l a t ion  between the ave r age  values of the s t r e s s e s  in a solid body and the c h a r a c t e r -  
i s t ics  of the p r o c e s s  of p o r e  co l lapse ,  s ince  by integrat ing the equation of mot ion  v can be found in t e r m s  of 
the po ros i t y  and i ts  de r iva t ives .  

Calculat ions show that  under  p r e s s u r e s  much s m a l l e r  than the e las t ic  constants  of the solid m a t e r i a l  
(tens of k i lobars )  the ma in  c o m p r e s s i o n  occurs  as a resu l t  of po re  col lapse ,  and consequently the solid m a t e -  
r i a l  can be a s sumed  incompress ib le ,  and the p r e s s u r e  of the m a t e r i a l  in a po re  can be calcula ted in the adiabatic  
approximat ion .  

We a s sume  that  in the range  of p r e s s u r e s  cons idered  a solid m a t e r i a l  is an incompress ib le  e las toplas t ic  
m e d i u m  which sa t i s f ies  the Mises  condition in the p las t ic  phase .  

If the width of the loading wave f ront  is much g r e a t e r  than the d is tance  between po re s ,  the behav io r  of a 
po rous  body can be descr ibed  by cons ider ing  a single cel l  in the field of a uni form wave vary ing  only with t ime  
whose ampl i tude  p (t) de t e rmines  the components  of the a v e r a g e  s t r e s s  t e n s o r  (r j = - p  (t)6ij. The equivalent  
ce l l  in th is  case ,  i .e.,  for  hydros ta t ic  c o m p r e s s i o n ,  is a hollow sphere  with an outside radius  b and an inside 
radius  a such that  a is the ave r age  s ize  of a pore ,  and hence b 3 / $ 3 - a  3) =(~ is the poros i ty .  The p r e s s u r e  in a 
p o r e  is  q (~), and a i j ! t=  0 =-q(~0)6i j .  As will be shown la te r ,  the ma in  c o m p r e s s i o n  occurs  for  comple te  p l a s -  
t ic i ty  of the whole cei l ,  and consequently the initial s t r e s s  d is t r ibut ion is unimportant .  The p r o c e s s  is de-  
sc r ibed  by the equation 

dv 0% - -  %) 
[:)-d~ = O"-r @ 2 ( % r  . . . .  

The yield condit ion is [ a r - ~ o  [ =Y; the boundary conditions a re  a r [  r=a = - q ~ )  and ar[  r=b =~n[s ;  the 
l a t t e r  is ca lcula ted  f r o m  Eqs .  (2) o r  (3); f r o m  (2) a r l r = b  = - p ( t ) .  By using (3) we have 

b 

o 1 =o = - , , ( , >  + 
a 

Integrat ing the equation of mot ion  we obtain 

x=YQ(~, a, a) = p(t) - -  q(~) - -  p~q(a), (4) 

where  

b 9 

= ~2 (%2- %) P~~ 
Peq (00 $ r dr; ~- = 3Y (cr -- t) ~fi' 

b b 

= pr ~ a r - - J p N d r .  
o. g 

Using the incompress ib i l i t y  condition we ca lcula te  the m a s s  veloci ty  v = ~ a ~ / 3 ( ~ 0 - 1 ) r  2 and Q(~, &, c0. By using 
(2) 

q (~, h, ~) = -- ~ [(~ -- t ) - ' * - -  ~-l/q ~: - g  [(o~ - -  t )  - ~ / 3  - -  ~ -4 /31 , .  

and by using (3) we have 

�9 "" 3 

where  ~ and ~ a r e  t ime  de r iva t ives .  

The in te rs t i t i a l  p r e s s u r e  q (~) can  be found in the adiabatic approximat ion  
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(-~,, -- l~v 
q0 ~-J.~-t) for gas, 

q = l ' ,v t 1] % [[ ' -~--1) - -  for wateZo 

The expression for Peq(a) as a funct ion  of  the state of the material  has the f o r m  

3 ~ { a - - l ) '  r ~ l < a < a ~  

,2 ~.. 2Ge(~.--~O. 4G(a.--~) 
P e q ( c Q = i ~ ' z m  Y(c~--t) - ' r ' - - - ~  ., a.,.<~z <a~ ,  

12 , 

In the  r a n g e  (2Ga 0 +Y) / (2G +Y) = cq < ~ < a 0 the  m a t e r i a l  b e h a v e s  e l a s t i c  a l ly ;  fo r  (2C~0)/(2G +Y) =~z < a < ~1 
the  m a t e r i a l  is  p a r t i a l l y  p l a s t i c  (a p l a s t i c  f ron t  i s  p r o p a g a t e d  f r o m  a po re ) ;  and f o r  1 < ~< a 2 the  m a t e r i a l  b e -  
h a v e s  l i k e  a p l a s t i c .  

We note  tha t  t he  change  of p o r o s i t y  i s  s m a l l  in the  f i r s t  two p h a s e s  of c o m p r e s s i o n  (the e l a s t i c  a n d e t a s t o -  
p l a s t i c  p h a s e s ) :  

(a0 - -  ~)/c*0 = Y/(2G + Y)  << i .  

C o n s i d e r i n g  un load ing  wi th  u = a _ ,  i . e . ,  e x p a n s i o n  of a p o r e  (we a s s u m e  tha t  c o m p l e t e  p l a s t i c i t y  was  r e a c h e d  
in c o m p r e s s i o n )  we ob t a in  an  equa t ion  ana logous  to  Eq.  (4): 

~ YQ(cz', ~, ~) = p(t) + p~(cr - -  q(c~),, 

w h e r e  ~,  Q, and q a r e  the  s a m e  as  b e f o r e ,  and the  func t ion  Peq i s  found f r o m  

4G (r - -  a )  2 ~.. a _ Ga_ - -  Y 

2 ~.. G 2 ( ~ - a _ ? e  2 4G ~- - a _  G~_ 
- 5 - z m ~ - - i - - U ~ -  ~ ~ ' % < ~ < a 4 - G - Y '  
2 a 
-~ Yln ~7----i' a > a4, 

wi th  the  p r o c e s s  p a s s i n g  t h r o u g h  the  s a m e  t h r e e  p h a s e s  as  in  c o m p r e s s i o n .  J u s t  as  in t he  e x p a n s i o n  of p o r e s  
the change  in  p o r o s i t y  i s  s m a l l  in  t he  f i r s t  two p h a s e s .  

(a4 - -  cz_)/tz_ = Y / ( G  - -  Y )  << 1, 

so  the change  of p o r o s i t y  c a n  be  n e g l e c t e d  in  t he  f i r s t  two p h a s e s ,  and we can  i n v e s t i g a t e  the  equa t ion  

�9 2 cz x~YQ (a,  a, cr = p (t) - q (c,) • --g Yln cz - i '  (6) 

w h e r e  the  m i n u s  s i g n  i s  f o r  p o r e  c o l l a p s e  and the  p lu s  s i g n  f o r  e x p a n s i o n .  

E q u a t i o n  (6) wi th  Q g i v e n  by  (5) was  i n t e g r a t e d  n u m e r i c a l l y  u s ing  va lue s  c h a r a c t e r i s t i c  f o r  p o r o u s  a l u -  
m i n u m :  p = 2.7 g / c m  3, Y = 3  k b a r .  The  i n i t i a l  p o r o s i t y  was  t a k e n  as  % =  1.4 and the  p o r e  s i z e  a s  a = 0 . 2  r a m .  
The  i n t e r s t i t i a l  p r e s s u r e  was  s p e c i f i e d  in the  f o r m  of a g a s  a d i a b a t  wi th  an  exponen t  T = 1.4. 

C a l c u l a t i o n s  w e r e  p e r f o r m e d  fo r  v a r i o u s  i n i t i a l  i n t e r s t i t i a l  p r e s s u r e s  and v a r i o u s  a m p l i t u d e s  and d u r a -  
t ions  of  a r e c t a n g u l a r  p r e s s u r e  p u l s e  (the p u l s e  a m p l i t u d e  and d u r a t i o n  w e r e  c h o s e n  so  tha t  p a t  =YT)~ 

F i g u r e  1 and T a b l e  1 show the t i m e  v a r i a t i o n  of p o r o s i t y  fo r  v a r i o u s  p r e s s u r e  p u l s e s  wi th  an  i n i t i a l  i n t e r -  
s t i t i a l  p r e s s u r e  q0 = 3.33" 10 -4 Y. F i g u r e  2 and T a b l e  2 show s i m i l a r  r e s u l t s  f o r  an in i t i a l  i n t e r s t i t i a l  p r e s s u r e  
q0 = 3 . 3 3 . 1 0  .2 Y. 
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TABLE 1 

I 

s ~  . a z 

1 t 
2 l 
3 2 
4 2,33 
5 3,33 

Minim um l 
.~ Iporosity [Final 

~ porosity 

1,t9t 1,t9t 
l 11,262 i,262 
~,5 li,023 i,023 
3,429 ]i,002 t,002 
3,3 li 0000002 t,042 

TABLE 2 

6 >  

i 
t 
2 
2,33 
2,67 
3 

i0 

=o Minim urr 
"~ porosity 

1,239 
t,29t 

0,5 i,048 
0,429 1,028 
0,375 l,Oi7 
0,33 1,0i0 
0,1 t,001 

Final 
poroa~ 

1,239 
t,291 
t,048 
1,028 
1,0t8 
i,028 
1,18i 

F igures  1 and 2 show that  the p r e s e n c e  of gas  in the p o r e s  can  lead to a dependence of the final poros i ty  
on the pulse  ampl i tude and durat ion which is f a r  f r o m  monotonic .  Thus,  as the pulse  ampli tude is inc reased  
the iner t i a  of the p r o c e s s  o f c h a n g e  of poros i ty  begins to man i f e s t  i tself :  In the loading phase  a po re  p a s s e s  
through the equi l ibr ium posi t ion co r respond ing  to the given pulse  and achieves  an intense backward  motion.  
The l imit ing po ros i ty  ~ + at which backward  mot ion  begins can  be found f r o m  the equation 

2 Yln ~?* q (~+)  --- ~$ _ 

and fo r  q0=3.33" 10 -2 Y is equal to 1.017. 

The nonmonotonic nature  of the final po ros i t y  cons idered  above with the p a s s a g e  of an intense loading 
wave can lead to a nonmonotonic dependence of the poros i ty  of soil  c lose  to the sou rce  of a shock wave on the 
dis tance f r o m  the source .  The po ros i ty  c lose  to and f a r  f r o m  a source  can  be l a r g e r  than in an in te rmedia te  
region,  but quant i ta t ive data can  be obtained only for  a specif ic  calcula t ion of such a p rob l em.  
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